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Solution by C. F. Gummer, Queen's University. 

Let/(p, q) be the number of ways of arranging p letters, some A and some B, so that, on going 
from left to right, we pass always more A's than B's, and finally q more A's than B's. Clearly 
/(P> a) =■ when p — q is odd and when q < 1. 

Such an arrangement will end with an A in /(p — 1, q — 1) cases, (p > 1); and it will end 
with a B in/(p — 1, q + 1) cases (q 4= 0). Therefore, 

/(p, 3) = /(p - i, a - i) +/(p - l, g + 1) 

under the above restrictions. 

To remove the restriction 3 4= 0, let us define 

g(p, g) = /(p> g), (?S0); 
g(p, g) = -/(p, ~g), (g <o). 

Then 

g(p, g) = g(p - l, g - i) + g(p - i, g + 1) 

provided p > 1. 

By successive application, 

g(p, g) = g(p - 2, g - 2) + 2q(p -2,q)+g(p-2,q+2) =g(p-3,q- 3) 

+ MP ~ 3, g - 1) + 3g(p - 3, g + 1) + g(p - 3, q + 3) = • • • = ff(l, g - p + 1) 

+ ( P 7 1 )g(i,g-P + 3) + ( p ~ 1 )g(l,g-p + 5) + .--. 

Now g(l, g) = 0, except that g(l, 1) = 1 and g(l, — 1) = — 1. 
Hence, if p — q is even, 

g(p. g) = - ( (p _V-2)/2) + ( (p P -~g)/2) 

2g / p-1 \ 
P + gV(p-g)/2^ 

For the particular problem, p = 2n — 1, q = 1, and 

,. , , , 1 / 2n - 2 \ |2r*-2 

/(P,g) = g(P,g) - -( n _ 1 ) - ^TTl- 

2683 [March, 1918]. Proposed by 3. ». hitt, Mississippi College. 

The height of a frustum of a cone is h, the radii of the upper and lower circular bases are a 
and 6, respectively. Deduce the formula for finding the center of gravity of the frustum. 

Solution by H. C. Gossabd, U. S. Naval Academy. 

Since the center of gravity is, obviously, on the axis of the frustum, let y be the required 
distance of the center of gravity above the lower base. Complete the cone and let % be the alti- 
tude of the upper cone. From similar triangles, x : x + h = a : b; whence, by division, x : h 
— a : b — a, or x = ah/(b — a). The altitude of the entire cone is x + h --- bh/(b — a). 

The volume of the whole cone is ^ 77 r = Vi and the volume of the upper cone is 5 yr r 

6 (0 — a) 6 (o — a) 

= y 2 . 

Hence, the volume of the frustum is » jr : — 5 77 - s = -5 Ma 2 + 6 2 + ob) = V s . 

3 (0 — 0) 3 (0 — a) 6 

Remembering that the center of gravity of a cone is on its axis of symmetry and 1/4 of the 
distance from the center of gravity of the base to the vertex measured from the base, we have, on 
taking moments about any diameter of the base, V 3 y = Ibh/b — aV\ — \ahjb — aVt. Substituting 
the values of Vi, Vz, and Vz and solving for y and reducing to simplest form, we have 

h I V + 2ab + 3o 2 v 



= h ( 6 2 + 2ab + 3o 2 \ 
y i\ W + ab + a? ) 
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Also solved by H. L. Olson, Albert N. Nauer, Joseph B. Reynolds, 
C. E. Flanagan, G. Paaswell, and Herbert N. Carleton. 

2684 [March, 1918]. Proposed by B. 3. BROWN, Kansas City, Missouri. 
Find the locus of the center of a conic passing through four fixed points. 

I. Solution by H. D. Thompson, Princeton University. 

This is an exercise given in books on coordinate geometry. 

Take the a>axis through two of the four points, and the y-axis, oblique, through the other two. 
Let 1/J and 1/J' be the abscissas of the two points on the a;-axis and 1/m and 1/m', the ordinates of 
the two points on the y-axis. Then Ix + my — 1=0 and Vx + m'y — 1=0 form another pair 
of lines, containing the four points in pairs. All conies through the four points are given by 
Xxy + (h + my — l)(l'x + m'y — 1) = 0, when X is the parameter of the system. 

The center of a representative conic is given by 2tt'x + (lm' + Vm)y — (I + V) + \y = 
and (lm' + l'm)x + 2mm'y — (m + m') + Xx = 0. Ehminating X, the locus of the center is 
2ll'x 2 — 2mm'y % — (I + l')x + (m + m')y — 0, a conic through the origin. The center of the 
locus is {1/4(1/2' + 1/0, l/4(l/»ra' + 1/m)}. As any pair of opposite sides of the complete quadri- 
lateral with the original four points as vertices can be taken as the axes, the locus of the centers 
will pass through the three points of intersection of opposite sides of the complete quadrilateral. 

The locus is an hyperbola when ll'mm' is positive, that is, when the original four points may 
be taken as the vertices of a convex polygon; and it is in this case only that the original conic 
may be a parabola (two). 

II. Solution by William Hoover, Columbus, Ohio. 

The equation of a conic passing through the four given points ± a h ± ft, ± 71, trilinear co- 
ordinates being used, is of the form 

k<x> + muS 2 + Wit 2 = (1) 

with the condition 

W + TOift 2 + ri l7 i 2 - 0. (2) 

The coordinates of the center of (1) are given by 

ka _ TOijS _ »i7 

a, b, c, being the sides of the fundamental triangle. 
Eliminating k, mi, tii from (3) and (2), we have 

^ + ^+^ = 0, (4) 

the required locus. 

This is the nine-point conic of the quadrilateral whose vertices are the four given points. 

Also solved by Paul Capron and Elijah Swift. 

2685 [March, 1918]. Proposed by Joseph b. Reynolds, Lehigh University. 

A particle is describing an ellipse of eccentricity V2/3 as a central orbit about a focus when the 
attracting force suddenly becomes repulsive without changing its magnitude and the particle 
begins to describe an equilateral hyperbola; find where the change occurred and the angle that the 
major axis of the new orbit makes with that of the old orbit. 

Solution by William Hoover, Columbus, Ohio. 
The focal equation of the ellipse is 

and of the hyperbola, 

"-'St? 



